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ON EXTENDING DC;-STRUCTURES

YEON SOO YOON

ABSTRACT. It is known that the concept of DCy-spaces for any
integer k£ > 1 and k = oo which is located at an intermediate stage
between the concepts of co- H-spaces and co-T-spaces, where DCoo-
space is a co-H-space and DCi-space is a co-T-space. Clearly, any
co-H-space is a co-T-space. We show that a result about extending
of DCY-structure. As a corollary, we can obtain a result about ex-
tending of co-T-structure which is a generalization of Hilton, Mislin
and Roitberg’s result about extending of co-H-structure.

1. Introduction

A space (X, p) is called a co-H-space if there is a co-H-structure
u: X = XVXsuchthat ju~A: X — XxX,wherej: XvX — XxX
is the inclusion and A : X — X x X is the diagonal. Let (X, ) and
(X', 1) be co-H-spaces. Then a map f : (X,u) — (X', 1) is called a
co-H-map it (/ f ~ (fV flu: X = X'vX' In [1], Aguade introduced a
T-space as a space X having the property that the evaluation fibration
0OX — X5 - X is fibre homotopically trivial. As a dual space of
T-space, we introduced [14] that a space X is called a co-T-space if
there is a co-T-structure 0 : X — X V QXX such that jO ~ (1 x €/)A :
X = X xQXX, where j: X VQOYXX — X x Q¥ X is the inclusion and
A : X — X x X is the diagonal. It is easy to show that any co-H-
space (X, u) is a co-T-space (X, 6) taking § = (1V €' )u. Let (X,6) and
(X', 6') be co-T-spaces. Then a map [ : (X,0) — (X’,6) is called a co-
T-map it ' f ~ (fVQX(f))0: X — X' vVQAXX'. Clearly, any co-H-map
f: (X, n) — (X', 1) induce a co-T-map f : (X,0) — (X',0') from the
fact that (f vV QX(f))(AVey) ~ 1 Ve)(fV [f), where § = (1V ey )p
and ¢ = (1V ey, ). It is known [19] that the concept of DCy-spaces for
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any integer k > 1 and k£ = oo which is located at an intermediate stage
between the concepts of co- H-spaces and co-T-spaces, where DC-space
is a co-H-space and DC-space is a co-T-space. The concept of DCy-
spaces is generalized to the concepts of DCZ—spaces foramapp: X — A
[20]. Tt is also known [20] that if X is a DCH —space, then X is a
DCF —space for any n < m. In 1978, Hilton, Mislin and Roitberg showed
[6] that if X and X’ are co-H-spaces, and r : X' — X is a co-H-map,
then there is a co-H-structure on C; such that i, : X — C, is a co-
H-map. In this paper, we show that if X is a DC}-space with a DC}-
structure 6 : X — AVFY and X' isa DC,fl—space with a DC,fl—structure
0 X - AV FkX/ and a map (s,7) : p’ — pis a DCj-map from 6’
to 6, then there is a DC-structure § : C, — Cs V F,ST for C, such
that a map (is,i,) : 6 — 0 is a DCy-map from 0 to §. Taking p = 1y
and k£ = 1, we can obtain a result that if X is a co-T-space with a
co-T-structure 6 : X — X vV QXX and X’ a co-T-space with a co-T-
structure ' : X’ — X’ VOXX’ and r : X — X’ is a co-T-map, then
there is a co-T-structure on C, such that i, : X — C, is a co-T-map.
Thus the above result is a generalization of the above Hilton, Mislin and
Roitberg’s result about extending of co-H-structure.

Throughout this paper, space means a space of the homotopy type of
1-connected locally finite CW complex. We assume also that spaces have
non-degenerate base points. All maps shall mean continuous functions.
All homotopies and maps are to respect base points. The base point as
well as the constant map will be denoted by *. For simplicity, we use
the same symbol for a map and its homotopy class. Also, we denote by
[X, Y] the set of homotopy classes of pointed maps X — Y. The identity
map of space will be denoted by 1 when it is clear from the context. The
diagonal map A: X — X x X is given by A(x) = (z,x) for each x € X
and the folding map V: X VX — X is given by V(z,%) = V(x,z) =z
for each z € X. ¥ X denote the reduced suspension of X and 2X denote
the based loop space of X. The adjoint functor from the group [2X, Y]
to the group [X, QY] will be denoted by 7. The symbols e and e’ denote
77 (1gx)and 7(1xy) respectively.

2. DCf}-spaces

Let p: X — A be a map. A based map g : X — B is called p-cocyclic
[12] if there is a map 6 : X — AV B such that the following diagram is
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homotopy commutative;

XxX P9 4y B,

where j : AV B — A x B is the inclusion and A : X — X x X is
the diagonal map. We call such a map 6 an co-associated map of an
p-cocyclic map g. Clearly, g is p-cocyclic if and only if p is g-cocyclic.
A map p : X — A is cocyclic [13] if there isamap 0 : X — X V A
such that j# ~ (1 x p)A, where j : X VA — X x A is the inclusion
and A : X — X x X is the diagonal. Clearly, a based map g : X — B
is cocyclic if and only if g is 1x-cocyclic. It is also clear that a space
X is a co-H-space if and only if the identity map 1x of X is cocyclic.
We called a space X as a co-HP-space for a map p : X — A [17] if
there is a cocyclic map p : X — A, that is, there is a co-HP-structure
0: X — XV Asuch that j0 ~ (1 xp)A, where j: X VA — X x A is the
inclusion and A : X — X x X is the diagonal. In [1], Aguade introduced
a T-space as a space X having the property that the evaluation fibration
QX — X5 — X is fibre homotopically trivial. It is shown [1] that X
is a T-space if and only if e : ¥QX — X is cyclic. We [14] introduced
a co-T-space, which is the dual of a T-space,as if ¢/ : X — QXX is
cocyclic. Clearly, any co-H-space is a co-T-space. We [19] introduced
the concept of DCy-spaces for any integer k > 1 and k£ = oo which is
located at an intermediate stage between co-H-spaces and co-T-spaces,
where DC'y-space is a co-H-space and DC-space is a co-T-space. We
[20] also generalized the concept of DCy-spaces to the concepts of DC’,f—
spaces for a map p: X — A. We called a space X as a co-TP-space for
amapp: X — A[18]if ¢ : X — QXX is p-cocyclic, that is, there is
a co-TP-structure 0 : X — QXX V A such that jO ~ (¢’ x p)A, where
j: XX VA= QXX x A is the inclusion and A : X — X x X is
the diagonal map. Clearly, a co-T!-space is a co-T-space. The dual
Gottlieb set denoted by DG(X, B) is the set of all homotopy classes
of cocyclic maps from X to B. The dual Gottlieb set for a map p :
X — A [16], DGP(X,B) = DG(X,p, A; B), is the set of all homotopy
classes of p-cocyclic maps from X to B. In fact, a 1-cocyclic map is
a cocyclic map. In general, DG(X, B) C DGP(X,B) C [X, B] for any
map p : X — B and any space B. However, it is known [16] that
DG(S™ x 8™, K(Z,n)) # DGP*(S™ x 8", K(Z,n)) # H"(S™ x S™, 7).
co-TP-spaces are completely characterized by generalized dual Gottlieb
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sets. It is known [18] that for a map p : X — A, X is a co-TP-space if
and only if DGP(X,QB) = [X,QB] for any space B. Thus we obtain a
result [14] that X is a co-T-space if and only if DG(X,QB) = [X, QB
for any space B. Ganea [4] introduced the concept of cocategory of a
space as follows; Let X be any space. Define a sequence of cofibrations

Co: X 5 Fy =5 By, (k> 0)

as follows, let Cy : X 9 ¢X 28 ¥ X be the standard cofibration. Assum-
ing Cy to be defined, let F}_, be the fibre of s} and e;_H X = Fl,

lift €}.. Define Fj; as the reduced mapping cylinder of e;; 410 let e, I
X — Fj4q is the obvious inclusion map, and let Byi1 = Fjy1/€), +1(X )
and s} @ Fry1 — Fryi/e),(X) the quotient map. The cocategory
of X, [4] cocat X, is the least integer k > 0 for which there is a map
r: Fp — X such that r o eﬁf ~ 1. That is, cocat X < k if and only if
e, : X — Fj has a left homotopy inverse. It is well known [9] that
cocat X < 1 if and only if X is an H-space. Thus we know that
cocat QB < 1 for any space B. It is known [5|([7]) that cat(X) < k
if and only if ez : P¥(2X) — X has a right homotopy inverse. We can
easily show that I} and XX have the same homotopy type. A space X
is called a DCy-space [19] if the inclusion €} : X — F}, is cocyclic, that
is, there is a it DCy-structure 6 : X — X V F}, such that jé ~ (1 x e})A,
where j : X V F, — X X F} is the inclusion and A : X — X x X is
the diagonal map. It is shown [3] that cocat Z < 1 if and only if Z
can be dominated by a loop space. The property of the co-T-spaces is
extended to the DCy-spaces using cocategory. It is known [19] that X
is a DCj-space if and only if DG(X, B) = [X, B] for any space B with
cocat B < k. Thus we know that X is a DC-space if and only if X is a
co-T-space. Let p: X — A be a map. A space X is called a DC}-space
[20] if €} : X — F}, is p-cocyclic, that is, there is a map 6 : X — AV Fj,
such that j6 ~ (p x €})A, where j : AV F, - A X F}, is the inclusion
and A : X — X x X is the diagonal map. If X is a DC’g-space, then
we call such a map 6 : X — AV Fy, a DCY-structure for a space X.
Clearly, a DC}-space for the identity map 1 : X — X is a DCj-space
[19]. DCY-spaces are closely related by the dual Gottlieb sets for maps
and cocategory of spaces. It is known [20] that for a map p: X — A be
a map, a space X is a DC}-space if and only if DGP(X, Z) = [X, Z] for
any space Z with cocat Z < k. Moreover, it is also known [12] that if
f: X = Y is p-cocyclic and g : Y — Z is any map, then gf : X — Z
is p-cocyclic. Any co-H-space X is a co-HP-space and any co-HP-space



On extending DCY-structures 227

X is a co-TP-space for any map p : X — A. Thus we have the following
results.

PROPOSITION 2.1. [20] Let p: X — A be any map.

(1) X is a DCY—space < X is a co-TP-space.

(2) If X is a co-HP-space, then for any m € N, X is a DC},-space.
(3) If X is a DCY,—space, then X is a DCh—space for any n < m.
(4) If X is a DC} —space and cocat X < k, then X is a co-HP-space.

3. Extending DC?-structures

Given maps p: X — A, p' : X' — A’  let (s,r) : p’ — p be a map
from p’ to p, that is, the following diagram is commutative;

x A

AR
X 2, A

It is a well known fact that ¥ = ¢Y — XY is a cofibration, where
t(y) = [y,1]. Let i, : X — C, be the cofibration induced by r: X’ — X
from txs : X' — ¢X’'. Let iy : A — Cs be the cofibration induced by
s: A" — Afrom 1y : A’ — cA’. Then there is a map p : Cy — Cs such
that the following diagram is commutative

X 24 4

C’I’ L) Csa
where C. = ¢ X' I X/[2/,1] ~ r(2'), and Cs = cA'TT A/[a', 1] ~ s(d’), p:

C, — Cy is given by p([2’,t]) = [p'(2),t] if [2/,t] € ¢X' and p(x) = p(x)
ifre X, i(r) =2, is(a) =a.

DEFINITION 3.1. Given maps p: X — A, p/ : X' — A, let (s,r) :
p' — p be a map from p’ to p. Assume that X' is a DC,fl—space with a
DC,fl—structure 0 X' — A'v F,CX/ and X is a DC}-space with a DCY-
structured : X — A\/F,CX. Then we say that (s,r) : p' — pisa DCy-map
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from @' to 0 if the following diagram is homotopy commutative;

x s avEX

TJ( (SVFk(r))J,

x —%5 AvFEX

The following lemmas are well known redults.

LEMMA 3.2. Let f : X — B be a map. Then there is a map h : C, —
B such that hi, = f if and only if fr ~ .

LEMMA 3.3. [15] Let g, : Cr, — Bi(t =1,2) and g : C, — B1 V By a
map such that p;jgix ~ giir(t = 1,2), where j : BV By — By X By is
the inclusion and p; : By X By — By,t = 1,2 are projections. Then there
is a map h : C, — By V Bg such that gi, = hi, and p;j'h ~ g;(t = 1,2),
where 7' : By V By — By x By is the inclusion.

THEOREM 3.4. If X is a DC}-space with a DC}-structure 6 : X —
AVEYX and X' isa DC’,f/—space with a DC,fl-structure 0. X — A’\/FkX/
and a map (s,r) : p — pis a DCy-map from €' to 0, then there is a
DC -structure 0 : C, — C \/FC’” for C,. such that a map (is,i,):60 — 0
isa DCk. -map from 6 to 0.

Proof. Since a map (s,r) : p' — p is a DCy-map from 6’ to 6, we

have that 6r ~ (s V Fj(r))¢’. Thus we know that (is V Fk(ir))ﬂr ~
(is V Fk(zr))(s V Fi(r)0 ~ (iss V F(iyr))0 ~ (x V)0 ~ % : X' —
Cs Vv F ". From Lemma 3.2, there is an extending 6:C, — CsV FCT
of (is V Fi(iy))0, that is, 0i, = (is V Fi(i,))0 : X — Cs V FCT. We see
Fy(iy)o e}cX ~ e;ng o, by the naturality of the construction of FIS’" as is
shown in the following homotopy commutative diagram:

Xi—T>CT

’ ’
X Cs

FEX Fk (Zr) chr )

Thenpljogir = plj(is\/Fk(iT))oa ~ pl(is XFk(ir)) (pxe;i‘ )A = 1i50p =
poi, and p2j00~ir ~ p20o(is X Fi.(ir)) (p ¥ 6k )A Fk(lr)oek ~ €L e Oty
Thus we have, from Lemma 3.3, that there is a map 6 : C,, — Cy V Fr Cr
such that 0i, = i, = (is V Fk(z,,))ﬁ and p1j'0 ~ P, p2j'0 ~ ekc.
Thus 0 : C, — Cy Vv FCT is a DC’ -structure for C) such that a map
(is,ir) 10 — 0 is a DC’k -map from 6? to #. This proves the theorem. [
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Taking p = 1x and k = 1, we can obtain the following corollary.

COROLLARY 3.5. If X is a co-T-space with a co-T-structure 6 : X —
XVQYX and X' a co-T-space with a co-T-structure ¢’ : X' — X'VQX X’
and r : X — X' is a co-T-map, then there is a co-T-structure on C,
such that i, : X — C}. is a co-T-map.

Any co-H-space X with a co-H-structure p: X — X V X is a co-T-
space X with a co-T-structure § = (1V e )y : X — X VQXX, where

/

e =71(lgx) : X — QX X. Also, any co-H-map induce a co-T-map
naturally. Thus we have the above corollary is a generalization of the
following proposition.

PROPOSITION 3.6. [6] If X and X' are co-H-spaces, andr : X' — X is
a co-H-map, then there is a co-H -structure on C. such that i, : X — C)
is a co-H-map.
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